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ABSTRACT 

R e s u l t s  and methods on t h r e e  d i f € e r e n t  areas oE contemporary r e s e a r c h  a r e  
o u t l i n e d .  These i n c l u d e  a d a p t i v e  methods, t h e  r o l l i n g  c o n t a c t  problem f o r  
f i n i t e  de fo rma t ion  of a h y p e r e l a s t i c  o r  v i s c o e l a s t i c  c y l i n d e r ,  and non- 
c l a s s i c a l  f r i c t i o n  laws f o r  modeling dynamic f r i c t i o n  phenomena. 
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1. INTRODUCTION 

Th i s  paper  a d d r e s s e s  t h r e e  s u b j e c t s  t h a t  impact on t h e  computer s imula-  
t i o n  of n o n l i n e a r  t i r e  behav io r :  a d a p t i v e  methods, which r e p r e s e n t  schemes 
f o r  a s s e s s i n g  numerical  e r r o r  and a u t o m a t i c a l l y  a d a p t i n g  t h e  mesh s o  as t o  
improve accu racy ;  t h e  r o l l i n g  c o n t a c t  problem, which i s  a t  t h e  h e a r t  of t i re  
a n a l y s i s ;  and new f r i c t i o n  laws, which are  e s s e n t i a l  i n  deve lop ing  r e a l i s t i c  
models of f r i c t i o n a l  c o n t a c t .  Space l i m i t a t i o n s  p r e c l u d e  a d e t a i l e d  d i scus -  
s i o n  of t h e s e  i s s u e s ;  bu t  f u r t h e r  d e t a i l s  can be found i n  r e c e n t  pape r s  and 
r e p o r t s  by t h e  a u t h o r  and h i s  c o l l e a g u e s  [ l - 1 7 1 .  

2. ROLLING CONTACT 

The g e n e r a l  r o l l i n g  c o n t a c t  problem as a b a s i s  f o r  n o n l i n e a r  t i r e  ana l -  
y s i s  i n v o l v e s  some of t h e  most c h a l l e n g i n g  and d i f f i c u l t  problems i n  s t r u c -  
t u r a l  mechanics. Among t h e  c o m p l i c a t i n g  f e a t u r e s  are t h e  p re sence  of 
u n i l a t e r a l  c o n t a c t ,  f r i c t i o n ,  i n e r t i a  e f f e c t s ,  mult i -parameter  b i f u r c a t i o n s ,  
t h e  emergence of s t a n d i n g  waves, v i s c o e l a s t i c  and thermal  e f f e c t s ,  large 
d e f o r m a t i o n s ,  t h e  n e c e s s i t y  of modeling of complex materials such  as f i b e r -  
r e i n f o r c e d  r u b b e r s ,  and t h e  p re sence  of non-conservat ive p r e s s u r i z a t i o n  
l o a d i n g s .  A f i r s t  s t e p  toward r e s o l v i n g  such  i s s u e s  i s  t h e  f o r m u l a t i o n  of 
c o r r e c t  k i n e m a t i c s  and v a r i a t i o n a l  p r i n c i p l e s  f o r  a s p e c i a l  case: t h e  s t eady-  
s t a t e  r o l l i n g  of a h y p e r e l a s t i c  o r  v i s c o e l a s t i c  c y l i n d e r  i n  c o n t a c t  w i t h  a 
r i g i d  f o u n d a t i o n  and i n  a s t a t e  of p l a n e  s t r a i n .  

The k i n e m a t i c a l  s i t u a t i o n  is shown i n  F i g .  1 where t h e  geometry of t h e  
r e f e r e n c e  c o n f i g u r a t i o n  ( a  r i g i d  s p i n n i n g  c y l i n d e r  w i t h  no c o n t a c t )  is com- 
pared t o  t h e  geometry of a deformed c y l i n d e r  i n  s t e a d y - s t a t e  r o l l i n g  c o n t a c t  
w i t h  a rough ( f r i c t i o n a l )  roadbed ( f o u n d a t i o n ) .  

Key fea tures  of t h e  k i n e m a t i c  d e s c r i p t i o n  are l i s t e d  as f o l l o w s :  

1) Time  a p p e a r s  only i m p l i c i t l y  i n  t h e  f o r m u l a t i o n ;  i f  (R,@, Z,)  are 
material c o o r d i n a t e s ,  t h e  r e f e r e n t i a l  c o o r d i n a t e s  are 

r = R ,  8 = @ +  u t ,  z = Z 

where w is t h e  a n g u l a r  v e l o c i t y  of t h e  r i g i d ,  r e f e r e n c e  c y l i n d e r .  

2 )  I f  t h e  motion is  d e f i n e d  by t h e  map 

xi = xi ( r ,  e ,  z )  i = 1, 2 ,  3 

where 
g u r a t i o n ,  t h e n  v e l o c i t y  and a c c e l e r a t i o n  components are 

xi = s p a t i a l  C a r t e s i a n  c o o r d i n a t e s  of p a r t i c l e s  i n  t h e  c u r r e n t  c o n f i -  

2 
2 a X i  a = u - -  a x i  

2 v = w -  
a e  i a e  i 
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3)  The u n i l a t e r a l  contac t  cons t r a in t  can be expressed i n  the  form 

where 
hub cen te r  t o  the  foundation. This condi t ion  can a l s o  be w r i t t e n  rC is  the  e x t e r i o r  contac t  su r f ace  and @ is the  d i s t ance  Erom the  

where ( . I+ denotes  the  p o s i t i v e  p a r t  OF (.). 

4 )  The time h i s t o r y  of deformation can be expressed i n  terms of s t r a i n s  
of p a r t i c l e s  loca ted  on the  same c i r c u l a r  a r c  i n  the  re ference  conf igura t ion .  
For example, i f  i s  the  Green-Saint Venant s t r a i n  t enso r ,  i t s  time h i s t o r y  
over an i n t e r n a l  0 T t s a t i s f i e s :  - - 

This property makes i t  poss ib le  t o  incorpora te  v i s c o e l a s t i c  e f f e c t s  i n t o  the  
r o l l i n g  contac t  problem i n  a s t r a igh t fo rward  way. 

For i l l u s t r a t i o n  purposes,  we consider  a c l a s s  of r o l l i n g  contac t  prob- 
lems i n  which the  fol lowing c o n s t i t u t i v e  p rope r t i e s  hold: 

a )  The material i s  e i t h e r  an i s o t r o p i c  h y p e r e l a s t i c  material char- 
a c t e r i z e d  by a s t r a i n  energy func t ion  

(or W = W ( 1 1 ] . 1 2 )  i f  I3 = 1 - an incompress ib le  material) in which I l , 1 2 , T 3  
a r e  t he  p r i n c i p a l  i n v a r i a n t s  of the  deformation tensor  
material i s  a v i s c o e l a s t i c  ma te r i a l  cha rac t e r i zed  by a l i n e a r  v i s c o e l a s t i c  
pe r tu rba t ion  of a h y p e r e l a s t i c  ma te r i a l ;  e.g., 

C, = zT F,, or  the  

wi th  y a v i s c o s i t y  parameter,  k a ma te r i a l  ke rne l ,  and S, the  second 
Piola-Kirchhoff stress tensor .  
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S) The normal s t i f f n e s s  of t h e  c o n t a c t  i n t e r f a c e  obeys a c o n s t i t u t i v e  
l a w  of t h e  type  

m 
tn  = cn(x2  - I{)+ on rc n 

where t, i s  t h e  normal stress and cn and m,, a r e  material c o n s t a n t s .  
I f  m, = 1 and cn = 1 / ~ ,  where E is  a p o s i t i v e  c o n s t a n t ,  t h i s  r e l a t i o n  
c o i n c i d e s  w i t h  t h e  normal c o n t a c t  stress a s s o c i a t e d  w i t h  a n  e x t e r i o r  p e n a l t y  
approximation of t h e  u n i l a t e r a l  c o n s t r a i n t  c o n d i t i o n .  

c )  I f  t h e  c y l i n d e r  i s  g iven  a p r e s c r i b e d  v e l o c i t y  vo r e l a t i v e  t o  
t h e  roadway, t h e  s l i p  v e l o c i t y  on t h e  c o n t a c t  s u r f a c e  i s  

wT - - vo - i, = v - w a g X  
0 

5 )  The f r i c t i o n  l a w  i s  ( w i t h  

t I < llltnl = > WT = 0 I -T 

t I = p J t n J  = > WT = -XI I -T 

V a r i a t i o n a l  p r i n c i p l e s  f o r  var 

t h e  f r i c t i o n a l  s t r e s s )  LT 

ous r o l l i n g  c o n t a c t  problems are summa- 
r i z e d  i n  F i g s .  2-8, beg inn ing  w i t h  t h e  p u r e  s p i n n i n g  of a c y l i n d e r  w i t h o u t  
c o n t a c t  and p r o g r e s s i n g  t o  t h e  g e n e r a l  v a r i a t i o n a l  i n e q u a l i t y  f o r  f i n i t e  de- 
f o r m a t i o n  r o l l i n g  c o n t a c t  w i t h  f r i c t i o n .  Various s p a c e s  of a d m i s s i b l e  func- 
t i o n s  a r e  d e f i n e d  i n  t h e s e  f i g u r e s  as w e l l  as s e v e r a l  n o n l i n e a r  forms. I n  
p a r t i c u l a r ,  

A ( x ,  n) = t h e  i n t e r n a l  v i r t u a l  work produced by t h e  Piola-Kirchhoff  
N N  stresses To 

B(x ,  n) = t h e  v i r t u a l  work produced by i n e r t i a  ( r a d i a l  a c c e l e r a t i o n )  
e f f e c t s  p e r  u n i t  of a n g u l a r  v e l o c i t y  v e l o c i t y  w N N  

C(x,  0 )  = work term due t o  normal compliance of t h e  i n t e r f a c e  

I ( x ,  5 ,  n) = a v i r t u a l  work term r e p r e s e n t i n g  t h e  work done by t h e  
h y d r o s t a t i c  p r e s s u r e  p ( p r e s e n t  when t h e  material i s  
i n c o m p r e s s i b l e )  

N N  

N N N  

j ( x ,  rl) = t h e  v i r t u a l  work term due t o  f r i c t i o n a l  f o r c e s  

f ( n >  = t h e  v i r t u a l  work due t o  e x t e r n a l  f o r c e s  

N N  

N 
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A f i n i t e - e l e m e n t  code has  been developed based on t h i s  g e n e r a l  v a r i a -  
t i o n a l  p r i n c i p l e  which has t h e  f o l l o w i n g  € e a t u r e s :  

1. B i q u a d r a t i c  (Q2) e lemen t s  are used t o  approximate t h e  d i sp lacemen t  
f i e l d  and ,  f o r  i n c o m p r e s s i b l e  materials, e l ,  d i s c o n t i n u o u s  l i n e a r  e l emen t s  are 
used t o  approximate h y d r o s t a t i c  p r e s s u r e s  

I 2 .  The f r i c t i o n a l  f u n c t i o n s  are r e g u l a r i z e d  i n  a s t a n d a r d  way 

~ 

3. A R i k s - C r i s f i e l d  method w i t h  Newton-Raphson c o r r e c t i o n s  i s  used t o  
s o l v e  t h e  n o n l i n e a r  systems of e q u a t i o n s  c h a r a c t e r i z i n g  t h e  d i s c r e t e  problem 

To d a t e ,  a n  e x t e n s i v e  set  of numerical  s o l u t i o n s  has been o b t a i n e d  u s i n g  
t h e s e  concep t s  and methods. Here on ly  one example is c i t e d ,  which i s  i n t e r -  
e s t i n g  because of t h e  s low emergence of s t a n d i n g  waves as t h e  a n g u l a r  v e l o c i t y  
is i n c r e a s e d  f o r  a f i x e d  p e n e t r a t i o n  H of a hollow rubbe r  c y l i n d e r  i n t o  a 
rough roadway w i t h  c o e f f i c i e n t  of f r i c t L o n  u = 0.03. Computed deformed 
s h a p e s  and stress c o n t o u r s  are shown i n  F igs .  9-13 f o r  v a r i o u s  v a l u e s  of w. 
We n o t i c e  t h e  s t e a d y  development of more-or-less p e r i o d i c  wavelets on t h e  ex- 
t e r i o r  s u r f a c e  which meet a t  p o i n t s  a t  which s i n g u l a r i t i e s  appea r  t o  be 
forming.  The p r e s e n c e  of E r i c t i o n  on t h e  c o n t a c t  s u r f a c e  d e s t r o y s  t h e  symme- 
t r y  of t h i s  wavelet  p a t t e r n .  Mild v i s c o e l a s t i c  e f f e c t s ,  such as t h o s e  i n  
r u b b e r s  a t  moderate t e m p e r a t u r e s ,  do not  a p p r e c i a b l y  a l t e r  t h e  s t r u c t u r e  of 
t h e s e  deformed geomet r i e s .  

The g e n e r a l i t y  of t h e  Formulation and of  t h e  methods employed h e r e  makes 
it p o s s i b l e  t o  s t u d y  n u m e r i c a l l y  a wide range of r o l l i n g  c o n t a c t  problems. 
F u r t h e r  work s h a l l  i n v o l v s  g e n e r a l i z a t i o n s  of  t h e s e  r e s u l t s  t o  t h r e e -  
d imens iona l  r o l l i n g  c o n t a c t  problems which i n c l u d e  t h e  e f f e c t s  o €  t u r n i n g ,  
s t e e r i n g  f o r c e s ,  and t i l t i n g  r e l a t i v e  t o  t h e  roadway plane.  

3. ADAPTIVE METHODS 

We s h a l l  now t u r n  t o  t h e  impor t an t  s u b j e c t  of a d a p t i v e  f i n i t e - e l e m e n t  
methods. Adaptive methods shou ld  have a s i g n i f i c a n t  impact on not  on ly  t i r e  
analysis but also on general computational structural mechanics in the rela- 
t i v e l y  n e a r  f u t u r e .  

I n  g e n e r a l ,  a d a p t i v e  methods seek  t o  change t h e  s t r u c t u r e  of a n  approxi-  
mate method t o  improve t h e  q u a l i t y  of t h e  s o l u t i o n .  By s t r u c t u r e ,  w e  mean t h e  
mesh d e n s i t y ,  l o c a t i o n s  of nodes,  and o r d e r  of t h e  l o c a l  polynomials .  By 
q u a l i t y  of a n  approx ima t ion ,  we g e n e r a l l y  mean t h e  e r r o r  i n  approx ima t ion  i n  
some a p p r o p r i a t e  norm. There a re ,  t h u s ,  two pr imary a s p e c t s  of any a d a p t i v e  
E i n i t e - e  lement method : 

1) The e s t i m a t i o n  of t h e  e r r o r  

2 )  The a d a p t i v e  s t r a t e g y  

I n  t h e  f i r s t  o€ t h e s e ,  i t  is  assumed t h a t  a n  i n i t i a l  app rox ima t ion  of t h e  
s o l u t i o n  i s  known, perhaps from a computat ion on a c o a r s e  mesh, and t h a t  t h i s  
rough s o l u t i o n  can be used t o  o b t a i n  a n  a p o s t e r i o r i  e s t i m a t e  of t h e  l o c a l  
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e r r o r  ove r  each  f i n i t e  element.  Once a n  estimate oE t h e  l o c a l  e r r o r  is  known, 
one must c a l l  upon some t echn ique  t o  reduce t h e  l o c a l  e r r o r  and t h e r e b y  i m -  
prove t h e  q u a l i t y  of t h e  s o l u t i o n .  

The re  are two g e n e r a l  t y p e s  of methods we have s t u d i e d  f o r  a p o s t e r i o r i  
e r r o r  e s t i m a t i o n  of t h e  l o c a l  e r r o r  o v e r  each f i n i t e  e lement .  Once a n  es t i -  
mate of t h e  l o c a l  e r r o r  i s  known, one must c a l l  upon some t e c h n i q u e  t o  r educe  
t h e  l o c a l  e r r o r  and t h e r e b y  improve t h e  q u a l i t y  of t h e  s o l u t i o n .  

There are two g e n e r a l  t y p e s  of methods we have s t u d i e d  f o r  a p o s t e r i o r i  
e r r o r  e s t i m a t i o n :  

1. R e s i d u a l  methods 

2. I n t e r p o l a t i o n  ( o r  a p r i o r i )  methods 

A s  t h e  name i m p l i e s ,  r e s i d u a l  methods make use of element r e s i d u a l s  - t h e  
r e s i d u a l  o r  unbalance l e f t  over  when t h e  approximate s o l u t i o n  i s  s u b s t i t u t e d  
i n t o  t h e  gove rn ing  e q u a t i o n s  and edge c o n d i t i o n s  on each element .  

The r e s i d u a l  i t s e l f  ( e . g . ,  t h e  e q u i l i b r i u m  unbalance i n  element f o r c e s )  
i s  n o t  n e c e s s a r i l y  a good i n d i c a t i o n  of l o c a l  e r r o r .  Indeed,  t h e  l o c a l  
r e s i d u a l  can be n e a r l y  z e r o  w h i l e  t h e  e r r o r  can be q u i t e  l a r g e .  For t h i s  
reason, i t  i s  general ly  necessary to  ca lculate  certa in  loca l  error indicators 

9, The c a l c u l a -  
t i o n  of e r r o r  i n d i c a t o r s  g e n e r a l l y  r e q u i r e s  t h e  s o l u t i o n  of s p e c i a l  l o c a l  
problems ove r  each  element  i n  which t h e  element  r e s i d u a l s  e n t e r  as d a t a .  F o r  
example,  i n  t h e  model e l l i p t i c  problem, 

which bound t h e  e r r o r  above and below i n  a p p r o p r i a t e  norms. 

2 -Au = f i n  Q CIR 

u = on an 

( w i t h  A t h e  L a p l a c i a n  and f g i v e n ) ,  t h e  f i n i t e - e l e m e n t  s o l u t i o n  Uh 
s a t i s f i e s  

I Vuh Vvh dxdy = fvhdxdy 
n n 

f o r  a r b i t r a r y  tes t  € u n c t i o n  Vh, and ove r  each  element  K of a mesh, the 
r e s i d u a l  i s  

r h = -  Au,, - f 
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Over element K, a n  e r r o r  i n d i c a t o r  #Ik is computed which satisEies 

vd s auh rh vdxdy + #I -- an ,f V#k Vv dxdy = I 
K K aK 

f o r  v i n  H1(K). One can show t h a t  t h e  e r r o r  eh = u - Uh i n  t h e  energy norm 

( 1  lehl Il,Q = {I lVehl2 dxdy 1 1'2) s a t i s€ i e s  t h e  bound 
n 

Various r e s i d u a l  methods d i f f e r  i n  t h e  way t h e s e  e r r o r  i n d i c a t o r s  are 
d e f i n e d  and c a l c u l a t e d .  There are some r e s i d u a l  t e c h n i q u e s  which can produce 
s h a r p  l o c a l  e r r o r  estimates i n  v i r t u a l l y  any norm f o r  c e r t a i n  classes of prob- 
lems. (See Demkowicz and Oden 1 4 ,  51).  These methods are no t  r e s t r i c t e d  t o  
l i n e a r  problems and have been used t o  produce e r r o r  estimates i n  h i g h l y  non- 
l i n e a r  problems ( s e e  [ 7 ,  161) .  

The i n t e r p o l a t i o n  methods make u s e  of t h e  f a c t  t h a t  t h e  i n t e r p o l a t i o n  
e r r o r  o v e r  an element  K of d i a m e t e r  hK ove r  a n  element  on which poly- 
nomials  of deg ree  p are used i s  

where u i s  a g i v e n  smooth f u n c t i o n ,  I$,u i s  i t s  i n t e r p o l a n t ,  

+ u 2  + u 2  )dxdy 

and C i s  a c o n s t a n t  independen 8 of hK and u. The i d e a  behind i n t e r p o l a -  
t i o n  methods is t o  estimate 
t i o n  ( e .g . ,  u s i n g  f i n i t e - d i f f e r e n c e  methods o r  e x t r a c t i o n  methods [ 6 ] ) .  The 
c o n s t a n t  C canno t ,  i n  g e n e r a l ,  be de t e rmined ,  s o  such  i n t e r p o l a t i o n  methods 
can  o n l y  be used t o  assess r e l a t i v e  e r r o r  i n  v a r i o u s  f i n i t e  e lements .  

lu12,K u s i n g  r e s u l t s  of a coarse-mesh approxima- 

Once a n  estimate of t h e  e r r o r  i s  o b t a i n e d ,  t h e  l o c a l  e r r o r  is reduced 
a d a p t i v e l y  u s i n g  one of t h e  f o l l o w i n g  t echn iques :  



1. h-methods: t h e  mesh s i z e  h is  reduced and t h e  number of e lements  
is i n c r e a s e d  i n  r e g i o n s  of h i g h  e r r o r .  

2.  p-methods: t h e  mesh i s  f i x e d ,  b u t  t h e  l o c a l  o r d e r  p of t h e  
polynomial shape f u n c t i o n s  is i n c r e a s e d .  

3. Moving mesh methods: t h e  nodes i n  a f i n i t e - e l e m e n t  mesh are moved 
and c o n c e n t r a t e d  i n  areas of h i g h  e r r o r .  

4 .  Combined methods: t h e s e  invo lve  combinat ions of t h e  above t h r e e  
t echn iques .  

We have developed t e s t  codes which employ a l l  of t h e s e  methods. The 
r e s u l t s  of some tests are g iven  i n  F i g s .  14-20, and s p e c i f i c  comments fo l low.  

1. I n  Fig.  14 we see a d i s t o r t e d  mesh o b t a i n e d  u s i n g  a moving mesh 
s t r a t e g y  on t h e  d r i v e n  c a v i t y  problem f o r  a n  incompress ib l e  v i s c o u s  f l u i d  (see 
[71 ) .  

2. F i g u r e s  15, 16, and 17 c o n t a i n  computed r e s u l t s  i n  a d a p t i v e  schemes 
based on r e s i d u a l  methods d e v i s e d  by Demkowicz and Oden [ 4 ,  51. The r e s u l t s  
shown h e r e  are f o r  t r a n s i e n t  h e a t  conduc t ion  problems w i t h  dominate convec t ion  
e f f e c t s  and f o r  n o n l i n e a r  Burge r s '  e q u a t i o n  vector-valued s o l u t i o n s  which 
s i m u l a t e  the Navier-Stokes e q u a t i o n s .  A s p e c i a l  h-method i s  used  here which 
employs a f i n e  g r i d  and a c o a r s e - g r i d  approx ima t ion  t o  estimate e r r o r .  

3. R e s u l t s  oE a new p-method f o r  Navier-Stokes e q u a t i o n s  i n  two- 
dimensions are  i l l u s t r a t e d  i n  F i g s .  18, 19 ( s e e  [ l ,  161).  Here a rather 
c o a r s e  mesh is used and e r r o r s  are reduced by i n c r e a s i n g  l o c a l  polynomial 
d e g r e e s  from 1 t o  2 t o  3 D i f f e r e n t  s h a d i n g  i n  t h e s e  f i g u r e s  i n d i c a t e s  d i f -  
f e r e n t  l e v e l s  of l o c a l  L e r r o r ,  w i t h  b l a c k  ce l l s  i n d i c a t i n g  a n  e r r o r  of less 
t h a n  5 p e r c e n t ,  g rey  an e r r o r  of less than  10 p e r c e n t ,  and w h i t e  a n  e r r o r  of 
o v e r  20 p e r c e n t .  Such l a r g e  l o c a l  e r r o r s  are  reduced b e f o r e  t h e  s o l u t i o n  i s  
al lowed t o  advance i n  t i m e .  Remarkably, t h e  s o - c a l l e d  e f f e c t i v i t y  i n d e x  0 
f o r  t h i s  proljlem (which r e p r e s e n t  t h e  r a t i o  of t h e  e s t i m a t e d  l o c a l  e r r o r  t o  
t h e  a c t u a l  l o c a l  e r r o r )  f o r  a n  L' - norm v a r i e d  from around 1.001 t o  0.860 
f o r  t h e  time ranges  c o n s i d e r e d  i n  a t e s t  example. Th i s  s u g g e s t s  t h a t  
r e s i d u a l - t y p e  e r r o r  estimates based on p-type s t r a t e g i e s  can be ve ry  a c c u r a t e ,  
even  f o r  t r a n s i e n t  n o n l i n e a r  problems on c o a r s e  meshes. 

i 

F i g u r e  20 shows r e f i n e d  mesh p a t t e r n s  f o r  a class of l i n e a r  e l l i p t i c  
problems i n  which a ve ry  f a s t  v e c t o r i z a b l e  h-method i s  used i n  c o n j u n c t i o n  
w i t h  a n  i n t e r p o l a t i o n - t y p e  e r r o r  e s t i m a t o r  ( s e e  [ 6 1 ) .  One i n t e r e s t i n g  a s p e c t  
of t h i s  work, i n d i c a t e d  by d i f f e r e n t  s h a d i n g s  of e lements  i n  t h e  f i g u r e ,  i s  
t h a t  t h e  d i s t i n c t i o n  between "optimal" meshes determined u s i n g  a very s o p h i s -  
t i c a t e d  e r r o r  e s t i m a t o r  ( s e e  [171) and ve ry  c rude  estimates (C61) i s  n e g l i g i -  
b l e  whenever s t r o n g  s i n g u l a r i t i e s  are  p r e s e n t .  

4 .  NON-CLASSICAL FRICTION LAWS 

I n  our  most r e c e n t  c a l c u l a t i o n s  of r o l l i n g  c o n t a c t ,  we have employed 
s p e c i a l  i n t e r f a c e  c o n s t i t u t i v e  e q u a t i o n s  f o r  t h e  normal compliance OF t h e  
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i n t e r f a c e  and the  t a n g e n t i a l  . f r i c t i o n a l  forces .  Some of these  laws a r e  men- 
t ioned i n  Sec t ion  2 of t h i s  paper ( see  a l s o  Fig. 6 ) .  The phys ica l  i n t e r p r e t a -  
t i o n  and the  motivat ion of such models are discussed i n  re ferences  [14, 15, and 
181. 
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V = SOBOLEV SPACE OF ORDER ( 1  $1 

= ( w ' . P ( Q ~ ) ) ~  for some p. 2 i p < m 
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EM = B U  

ROL I ING CONTACT WITHOUT 

FRICTION 

3( = UNILATERAL CONSTRAINT SET 

= ( q f v l  q , i H  onr , l  

INCOMPRESSIBLF M ATERIAL 

Iq E v I q2 I H on Tc , detVq = 1 a.e. in no) 
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ROI I ING CONTACT WITH FRICTION 

'u = SPACE OF VELOCITY-MOTIONS 

5 [ q 6 v I (waeq1,q2) 6 v I 

Y A R l A T l O N A L I T Y  B.V.P. 
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- 
Q = SPACE OF MULTIPLIER 

detVq E Lp(Qo) ---> 9 = LP’(Q0) 

( l /p )  + ( l+p’)  = 1 

i(p,)(,~) = TRILINEAR FORM 

= p adjV)( : V q  dvo 
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Figure 8 
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Figure 9 
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Figure 10 
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Figure 11 
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Figure 12 
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C1=80 p s i  C2=20 p s i  VIS=O FRIC=.3 OISP=R, - H = .1 i n .  
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.6 rpm 

Figure 13 

D r i v e n  c a v i t y  problem. Optimal mesh a f t e r  8 FE r e c a l c u l a -  
t i o n s .  a = 4 ,  ~ ~ 4 ,  Y = O  

Figure 14 
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Heat equat ion w i t h  a dominat ing convec t ion  - 
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Heat equat ion  w i t h  a dominat ing convec t ion  - 
s o l u t i o n  a f t e r  25 t ime  steps, t = 0.5 
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Problem w i t h  exponential solution. Deviations o f  the 
from unity. Parameters: h = 2 ,  

K , 1  local e f f e c t i v i t y  r a t i o s  e 
A t  = 0.1, 6 = 0.25, M = 4 

Figure 18 
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